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The Stroh formalism was adapted for Rayleigh-
wave propagation guided by the planar traction-
free surface of a continuously twisted structurally
chiral material (CTSCM), which is an anisotropic
solid that is periodically non-homogeneous in the
direction normal to the planar surface. Numerical
studies reveal that this surface can support either
one or two Rayleigh waves at a fixed frequency,
depending on the structural period and orientation of
the CTSCM. In the case of two Rayleigh waves, each
wave possesses a different wavenumber. The Rayleigh
wave with the larger wavenumber is more localized to
the surface and has a phase speed that changes less as
the angular frequency varies in comparison with the
Rayleigh wave with the smaller wavenumber.
1. Introduction
Elastodynamic surface waves [1,2] have been studied
from the 1880s, when Rayleigh [3] hinted at their
significance for earthquakes, which was subsequently
borne out both experimentally and theoretically [4–6].
Seismological applications of surface waves [7] include
the detection of subsurface anomalies such as tunnels [8]
and mineral deposits [9] as well as investigations
of the evolution of planetary crusts [10,11]. Current
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applications in materials science include the non-destructive testing of polycrystalline
materials [12] such as silicon for solar cells [13]. Large engineered structures made of metals
[14,15] and concrete [16] are also inspected for crack formation and growth using surface waves
in order to prevent catastrophic failures.
The aforementioned applications typically require the propagation of an elastodynamic
surface wave to be guided by a planar surface. The stress tensor τ̃ and the displacement
vector ũ must satisfy the equation of motion and Hooke’s law on both sides of the
planar surface. Additionally, boundary conditions across the planar surface must be satisfied,
and both τ̃ and ũ must decay far away on both sides from that surface. In these
respects, elastodynamic surface waves have the same characteristics as electromagnetic surface
waves [17].
There is, however, one type of elastodynamic surface waves that can have no electromagnetic
counterpart. This is the Rayleigh wave, which is guided by the traction-free surface of a half-
space filled with an elastic solid [3]. The other side of the traction-free surface is vacuous and
therefore cannot sustain stress at all [1] although electromagnetic fields can exist in vacuum [18].
Theoretical studies on Rayleigh waves abound in the literature, especially for homogeneous
elastic half-spaces [19–21]. Also, Rayleigh waves are often generated for monitoring the health
of large engineered structures [22–24].
The issues of existence and uniqueness of Rayleigh waves have been tackled for a
homogeneous anisotropic elastic half-space [25,26]. However, the dispersion equation that
governs Rayleigh-wave propagation is analytically intractable: while some progress has been
made for homogeneous elastic half-spaces [27–30], the case for non-homogeneous anisotropic
elastic half-spaces is more challenging.
Herein, we report on Rayleigh-wave propagation for a particular anisotropic non-
homogeneous elastic solid called a continuously twisted structurally chiral material (CTSCM)
[31–33]. The CTSCM was conceptualized as a stack of uniaxial plates of identical constitution
and thickness; each plate was conceived as having been constructed by embedding parallel
fibres in a homogeneous matrix material, with fibres lying normally to the plate’s thickness
direction, and the orientation of the fibres rotating uniformly from one plate to the plate
immediately above it [34]. Thus, provided that the fibre diameter is sufficiently small
and the plates are sufficiently thin, the stack may be taken to be locally homogeneous
and its stiffness tensor may be assumed to vary continuously and periodically in the
thickness direction [31]. A schematic is provided in figure 1. CTSCMs have been fabricated
for optics [35–37] and nanomechanics [38,39] using physical vapour evaporation, but the
length scales have to be much larger for commonplace mechanics applications. Piecewise-
homogeneous counterparts of CTSCMs [40] occur in nature as mechanically hard but
resilient structures [41–43] and have also been fabricated for acoustic applications at 350 kHz
frequency [44].
In the following section, we develop the theory underpinning Rayleigh-wave propagation
guided by the traction-free surface of a CTSCM. Given the usual symmetries of the stress
and strain tensors [45], the Kelvin notation [20,46] is used, whereby both stress and strain are
represented by 6-column vectors, displacement by a 3-column vector and both stiffness and
compliance are 6 × 6 matrices. The Stroh formalism [47] is adapted for the equation of motion
to enable the use of matrix methods. The theory is followed by a section on numerical studies
wherein we demonstrate the existence of more than one Rayleigh wave, depending on the
structural period and orientation of the CTSCM. Some closing remarks are provided in the final
section.
All fields vary as exp(−iωt) with t being time, ω being angular frequency and i = √−1. Vectors
are single underlined, second-rank tensors are double underlined, column vectors are single
underlined and enclosed in square brackets and matrices are double underlined and enclosed







Figure 1. The conceptualization of a continuously twisted structurally chiral material (CTSCM), arising from a stack of uniaxial
plates. Each plate is constructed by embedding parallel fibres in a homogeneous matrix material, with fibres lying normally to
the plate’s thickness direction (i.e. the x3 direction). The orientation of the fibres rotates uniformly from one plate to the plate
immediately above. Provided that the fibre diameter is sufficiently small and the plates are sufficiently thin, the stack may be
taken to be locally homogeneous. (Online version in colour.)
2. Theory of Rayleigh-wave propagation
(a) Boundary-value problem
The half-space x3 > 0 is occupied by a CTSCM and the plane x3 = 0 is traction-free so that it can
guide a Rayleigh wave along the x1 direction. The linearized equation of motion is stated as
∇ • τ̃ (x) = −ρω2ũ(x), x3 > 0, (2.1)
where ρ is the mass density. The second-rank strain tensor is given by




The Rayleigh wave has no variation along the x2 direction. Therefore, we write
τ̃ (x1, x3) = exp(iqx1) τ (x3)
ε̃(x1, x3) = exp(iqx1)ε(x3)
ũ(x1, x3) = exp(iqx1) u(x3)
⎫⎪⎪⎪⎬
⎪⎪⎪⎭





where q denotes the wavenumber of the Rayleigh wave. As both τ̃ (x) and ε̃(x) are symmetric [45],





























As the CTSCM occupying the half-space x3 > 0 is non-homogeneous along the x3 direction,












⎪⎭ , x3 > 0, (2.5)
wherein the 6 × 6 matrix [c(x3)] that represents the fourth-rank stiffness tensor is simply related
to the 6×6 matrix [s(x3)] that represents the fourth-rank compliance tensor as [s(x3)] = [c(x3)]−1.





































cos2 χ 0 sin2 χ 0 − sin(2χ ) 0
0 1 0 0 0 0
sin2 χ 0 cos2 χ 0 sin(2χ ) 0
0 0 0 cos χ 0 sin χ
1
2 sin(2χ ) 0 − 12 sin(2χ ) 0 cos(2χ ) 0














cos2 β sin2 β 0 0 0 − sin(2β)
sin2 β cos2 β 0 0 0 sin(2β)
0 0 1 0 0 0
0 0 0 cos β sin β 0
0 0 0 − sin β cos β 0
1




denotes a rotation about the x3 axis by an angle β towards the x2 axis in the x1x2 plane. The angle
γ is an offset from the x1 axis in the x1x2 plane. The structural handedness parameter h = +1 for
right handedness or −1 for left handedness. The theory is general enough to accommodate any
symmetric matrix as the reference compliance matrix [co
ref
]. The elastic properties of the CTSCM








and the CTSCM may be considered to be a one-dimensional phononic crystal [48]. The compliance
















































































as the small-Ω approximation of [c(x3)], with [sref] = [cref]−1 and 〈[s]〉 = 〈[c]〉−1 as the
corresponding compliance matrices. A material characterized by either [c
ref
] or 〈[c]〉 is
homogeneous.
(b) Matrix ordinary differential equation
















where the 3 × 6 matrices
[Λ(3)] =
⎡
⎢⎣0 0 0 0 1 00 0 0 1 0 0





⎢⎣1 0 0 0 0 00 0 0 0 0 1






In effect, there are nine equations in equations (2.13), of which three are algebraic equations
and six are ordinary differential equations. The three algebraic equations can be used to eliminate
τ11(x3), τ22(x3) and τ12(x3). The remainder of the equations can then be rewritten as the 6 × 6-
matrix ordinary differential equation
d
dx3
[f (x3)] = i[P(x3)][f (x3)], (2.15)




















, x3 > 0. (2.17)
Although an expression for [P(x3)] is readily derived using a mathematical manipulation package
such as MathematicaTM, it is far too cumbersome for reproduction here.
(c) Dispersion equation
In order to find the stress and displacement vectors of the Rayleigh wave, as well as the




















For the CTSCM, [P(x3)] can be written as a non-terminating matrix polynomial series with respect
to x3, which allows the solution of equation (2.15) also in terms of a non-terminating matrix
polynomial series with respect to x3 [49]. A compact solution for which Floquet theory [51] can
be invoked is desirable because [P(x3)] varies periodically with x3 [52].

















, x3 > 0, (2.19)
exists. Herein, the 6×6 matrix [A] is independent of x3 whereas the 6×6 matrix [F(x3)] is periodic







, x3 > 0; (2.20)
furthermore, [F(0)] = [I], the identity 6×6 matrix. However, Floquet theory sheds no light on the
specific forms of the matrices [A] and [F(x3)].
At x3 = 2Ω , equation (2.19) yields
[f (2Ω)] = [Q][f (0)], (2.21)
wherein the 6×6 matrix [Q], which characterizes the elastodynamic response of one period of the






The matrices [Q] and [A] share the same (linearly independent) eigenvectors and their
























, n ∈ [1, 6] , (2.23)
be the eigenvector corresponding to the nth eigenvalue σn of [Q]; then, the corresponding
eigenvalue αn of [A] is given by
αn = −i ln σn2Ω , n ∈ [1, 6] . (2.24)
After labelling the eigenvalues of [A] such that Im{α1} > 0, Im{α2} > 0 and Im{α3} > 0, we set













for Rayleigh-wave propagation, where the constants C1, C2 and C3 are fixed by applying
boundary conditions at x3 = 0. The other three eigenvalues of [A] pertain to waves that amplify
as x3 → ∞ and cannot therefore contribute to the Rayleigh wave.
Instances of purely real eigenvalues of [A] are incompatible with the definition of surface
waves [17,21]; therefore, such instances need not be considered here. The existence of exactly three
eigenvalues (i.e. α1, α2 and α3) with positive imaginary parts is an assumption which is not proven
mathematically. However, it is a physically reasonable assumption because propagation and





along the −x3 axis since the CTSCM is a reciprocal medium [53], and this assumption holds true
for all numerical results presented in §3.
The piecewise-uniform-approximation method [5,17] is used to calculate [Q], and thereby





for all integers n ∈ [0, ∞). The half-space x3 > 0 is partitioned into slices of equal thickness, with
each cut occurring at the plane x3 = x(n)3 for n > 0. Thus, the integer N > 0 is the number of slices


















, n > 0, (2.27)
are defined. As propagation from the plane x3 = x(n−1)3 to the plane x3 = x
(n)
3 for n > 0 is






](N−1) · · · [W](2) [W](1) . (2.28)
The integer N should be sufficiently large that the piecewise-uniform approximation captures
well the continuous variation of [P(x3)]. The piecewise-uniform approximation to [f (x3)] for












































, n ∈ [1, ∞) .
(2.29)
Now, let us enforce the traction-free boundary conditions
τ13(0+) = τ23(0+) = τ33(0+) = 0. (2.30)







































For non-trivial solutions, the matrix [Y] must be singular. Hence, the dispersion equation for






While equation (2.33) is analytically intractable, graphical methods can be implemented to extract
the Rayleigh wavenumber(s) q as functions of the constitutive parameters of the CTSCM.
3. Numerical studies
We begin numerical studies by assuming that the CTSCM has the same local symmetry as that of
















Figure 2. The dashed blue and the dot-dashed black curves are branches of the solutions of equation (2.33) versusΩ , when
γ = 0◦ and χ = 20◦. For comparison, the solid red line represents the large-Ω approximation and the brown dotted line
the small-Ω approximation. (Online version in colour.)






c33 c13 c13 0 0 0
c13 c11 c12 0 0 0
c13 c12 c11 0 0 0
0 0 0 12 (c11 − c12) 0 0
0 0 0 0 c44 0




In keeping with an earlier study on elastodynamic-wave propagation in CTSCMs [56], the
following values of the constitutive parameters were selected: c11 = 12.6 × 1010 N m−2, c33 =
11.7 × 1010 N m−2, c12 = 7.95 × 1010 N m−2, c13 = 8.41 × 1010 N m−2, c44 = 2.30 × 1010 N m−2 and
ρ = 7500 kg m−3. The half-period Ω of the CTSCM was varied from 0.05 mm to 0.3 mm and the
handedness parameter h = +1. With the exception of figure 6, all calculations were made with the
angular frequency ω = 2π × 107 rad s−1.
Solutions of the dispersion equation (2.33) were explored numerically. The positive integer N
was steadily increased until the magnitudes of the real and imaginary parts of the eigenvalues
α1, α2 and α3 converged within preset tolerances of ±0.1%. Typically, for the numerical results
presented in figures 2–6, a value of N ∈ [800, 1200] was needed.
Plots of q versus Ω are provided in figure 2, for γ = 0◦ and χ = 20◦. The calculation procedure
to determine [Q] and its eigenvalues was found to be stable for Ω ∈ [0.05, 0.3] mm. Either one or
two solutions of the dispersion equation (2.33) were found, depending on the value of Ω . These
solutions are arranged on continuous branches as Ω varies. One solution branch exists for Ω ∈
(0.09, 0.3) mm, the other for Ω ∈ (0.05, 0.3) mm. The two branches do not intersect in figure 2, for
which reason we can identify them as the large-wavenumber branch and the small-wavenumber
branch.
The multiplicity of solutions is in direct contrast to the case for a homogeneous elastic solid,
for which only one solution exists. Indeed, the CTSCM tends to become homogeneous near the
traction-free plane x3 = 0 as Ω increases, so that [c(x3)] can be replaced by [cref] per equation (2.11).
In the large-Ω approximation, the sole solution is q = 40.31 mm−1. The wavenumber in the large-
Ω approximation is greater than either of the two wavenumbers presented for finite Ω in figure 2.
Whereas the solutions on the small-wavenumber branch converge only slowly to the infinite-Ω
solution as Ω increases, convergence of the solutions on the large-wavenumber branch is much
more rapid. Likewise, [c(x3)] can be replaced by 〈[c]〉 per equation (2.11) when Ω is sufficiently
















Figure 3. The dashed blue and the dot-dashed black curves are branches of the solutions of equation (2.33) versus χ , when
γ = 0◦ andΩ = 0.1 mm. For comparison, the solid red curve represents the large-Ω approximation and the brown dotted
curve the small-Ω approximation. (Online version in colour.)











Figure 4. The dashed blue and the dot-dashed black curves are branches of the solutions of equation (2.33) versus γ , when
χ = 60◦ andΩ = 0.1 mm. For comparison, the solid red curve represents the large-Ω approximation, and the browndotted
curve the small-Ω approximation. (Online version in colour.)
than the sole solution for the homogeneous elastic solid that arises in the limit Ω → ∞. Solutions
on the large-wavenumber branch converge rapidly to, but solutions on the small-wavenumber
branch diverge away from, the small-Ω solution as Ω decreases.
For the remaining results reported here, we fixed Ω = 0.1 mm. The influence of the orientation
angle χ on the solutions of equation (2.33) was considered next. In figure 3 plots of q versus
χ are provided for γ = 0◦. Again, the two solutions found for every value of χ ∈ (0◦, 90◦)
can be organized in two non-intersecting branches: a large-wavenumber branch and a small-
wavenumber branch. For every value of χ ∈ (0◦, 90◦), figure 3 also provides the single solution for
the large-Ω approximation as well as the single solution for the small-Ω approximation. The two
CTSCM solution branches, as well as the infinite-Ω solution branch and the thickness-averaged-
compliance solution branch, are close to being symmetric with respect to reflection about the line
χ = 45◦, but the symmetry is not exact.
At each value of χ , the infinite-Ω solution is greater than both solutions for the CTSCM
with finite Ω in figure 3. Whereas the infinite-Ω solution is within 1% of the large-wavenumber
solution for χ  85◦, the thickness-averaged-compliance solution is within 1% of the large-


























































































































































Figure 5. Profiles of themagnitudes of each of the six components of [τ (x3)] and each of the three components of [u(x3)] versus
x3/2Ω when x1 = 0, for the two solutions extracted from equation (2.33). Here,χ = 60◦,γ = 20◦,Ω = 0.1 mm and C1 =
1. Whereas q= 39.52 mm−1 for the dashed blue curves, q= 33.191 mm−1 for the dot-dashed black curves.Ω = 0.1 mm. For
comparison, the solid red curves represent the large-Ω approximationwith q= 40.74 mm−1 and the brown dotted curves the
small-Ω approximation with q= 39.82 mm−1. (Online version in colour.)
solution is less than the large-wavenumber solution for χ ∈ [0◦, 20◦) but more than for χ ∈
(20◦, 90◦].
Next, the influence of the offset angle γ on the solutions of equation (2.33) was considered.




















Figure 6. The dashed blue and the dot-dashed black curves are the phase speeds ω/q corresponding to the branches of
the solutions of equation (2.33) versus ω, when χ = 60◦, γ = 20◦ and Ω = 0.1 mm. For comparison, the solid red line
represents the large-Ω approximation and the brown dotted line the small-Ω approximation. (Online version in colour.)
for every value of γ ∈ [0◦, 102◦) ∪ (115◦, 180◦) and can be organized in two continuous branches.
Only one solution was found for γ ∈ (102◦, 115◦). Thus, there are three solution branches:
the large-wavenumber branch spans γ ∈ [0◦, 180◦], the intermediate-wavenumber branch spans
γ ∈ (115◦, 180◦] and the small-wavenumber branch spans γ ∈ [0◦, 102◦). The solution on the
intermediate-wavenumber branch at γ = 180◦ is identical to the value of the small-wavenumber
branch at γ = 0◦, indicating that these two branches are actually one branch.
Figure 4 also provides the single infinite-Ω solution found for every value of γ ∈ (0◦, 180◦)
after replacing [c(x3)] by [cref] and the single thickness-averaged-compliance solution found after
replacing [c(x3)] by 〈[c]〉. For γ < 50◦ and γ > 130◦, the infinite-Ω solution is greater than either
of the two solutions for the CTSCM with finite Ω ; however, for γ ∈ (50◦, 130◦), the infinite-Ω
solution is less than the large-wavenumber solution but more than the other solution (if it exists).
The thickness-averaged-compliance solution lies with ±4% of the large-wavenumber solution for
every γ ∈ (0◦, 180◦). At γ  50◦ and γ  130◦, the infinite-Ω solution and the thickness-averaged-
compliance solution differ from the large-wavenumber solution by less than 0.1%.
The infinite-Ω solution and the thickness-averaged-compliance solution are symmetric in
figure 4 with respect to reflection in the line γ = 90◦, whereas the two solutions for the CTSCM
with finite Ω are not. Each of the four solutions represented is unchanged when γ is replaced by
γ ± 180◦.
Morphological insight into Rayleigh-wave propagation supported by the CTSCM is gained by
considering the profiles of the components of the displacement and stress vectors corresponding
to the solutions of equation (2.33). In figure 5 profiles of the magnitudes of each of the six
components of the stress vector and each of three components of the displacement vector on
the line x1 = 0 are presented versus x3/2Ω ∈ [0, 5] for χ = 60◦, γ = 20◦ and Ω = 0.1 mm. The
profiles were calculated after setting C1 = 1. Whereas q = 39.52 mm−1 for the Rayleigh wave with
the higher wavenumber, q = 33.19 mm−1 for the Rayleigh wave with the lower wavenumber.
The profiles for the large-Ω approximation (q = 40.74 mm−1) and the small-Ω approximation
(q = 39.82 mm−1) are also presented for comparison.
The two Rayleigh waves for the CTSCM with finite Ω have quite different morphologies. The
Rayleigh wave with q = 39.52 mm−1 is strongly localized to the surface x3 = 0 and has largely
decayed at x3 = 4Ω . The Rayleigh wave with q = 33.19 mm−1 is less localized to the surface x3 = 0;
this surface wave decays relatively slowly as x3 increases and still substantially exists at x3 = 10Ω .
The decaying periodic undulations in the x3 direction for both of these Rayleigh waves are in





The morphology of the single Rayleigh wave found for the large-Ω approximation is quite
different. Although the maximum magnitudes of the nine stress and displacement components
in figure 5 lie in the vicinity of, but generally not on, the surface x3 = 0, all components decay
monotonically as x3 increases thereafter. The morphology of the single Rayleigh wave found for
the small-Ω approximation is also quite different. In this case, the profiles of |u2|, |τ23| and |τ12|
are null valued, while the profiles for all other components of the displacement and stress vectors
resemble those for the large-Ω approximation.
Lastly, we turn to the influence of the angular frequency ω on the phase speed defined as ω/q of
Rayleigh waves. In figure 6, ω/q is plotted against ω. As in figure 5, for these calculations χ = 60◦,
γ = 20◦ and Ω = 0.1 mm. The two solutions found for every value of ω ∈ (π , 3π ) × 107 rad s−1
can be organized in two branches: the phase speed on the small-wavenumber branch decreases
dramatically, but the phase speed on the large-wavenumber branch increases very slowly, as ω
increases.
The phase speeds for the large-Ω and the small-Ω approximations are also displayed in
figure 6 for comparison. Both phase speeds are independent of ω. Also, both phase speeds are
lower than the phase speeds of the two Rayleigh waves for the CTSCM with finite Ω .
4. Closing remarks
In this paper, we developed the theory for Rayleigh waves guided by the planar traction-free
surface of a CTSCM, which is an anisotropic material whose stiffness tensor rotates at a uniform
rate along the direction normal to the planar surface. Application of the Kelvin notation and the
Stroh formalism yielded a 6×6-matrix ordinary differential equation that can be solved using the
piecewise-uniform-approximation method. Imposition of the traction-free boundary conditions
on the solution of the 6×6-matrix ordinary differential equation led to the dispersion equation for
Rayleigh-wave propagation. As the dispersion equation is analytically intractable, its solutions
had to be extracted by graphical means.
Our numerical studies revealed that either one or two Rayleigh waves can exist at a fixed
frequency, depending on the structural period and orientation of the CTSCM, for the chosen
constitutive parameters. In fact, in many instances, the dispersion equation (2.33) yielded more
than two solutions for q, but the additional solutions were rejected because they corresponded
to null stress and displacement fields. Each of the two Rayleigh waves possesses a distinct
wavenumber. The Rayleigh wave with the larger wavenumber is more localized to the traction-
free surface than the Rayleigh wave with the smaller wavenumber. In addition, the phase speed
of the Rayleigh wave with the smaller wavenumber varies strongly with angular frequency
whereas the phase speed of the Rayleigh wave with the larger wavenumber does not. This
multiplicity of Rayleigh waves contrasts with the single Rayleigh wave that exists for the
homogeneous elastic solid obtained by making the CTSCM’s period either infinitely large or
very small. Parenthetically, the observed multiplicity of Rayleigh waves guided by the traction-
free surface of a periodically non-homogeneous half-space mirrors findings for electromagnetic
surface waves wherein periodic non-homogeneity delivers a multiplicity of Tamm waves [57] and
Dyakonov–Tamm waves [58] at a fixed frequency.
Lastly, we note that the process of finding solutions of equation (2.15) is numerically very
challenging, especially given the spatially non-homogeneous nature of [P(x3)]. At most, we found
two Rayleigh-wave solutions at a fixed frequency, but we cannot definitively rule out the existence
of further solutions that escaped our detection.
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